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Abstract. Supertask theory is used here to prove a contradictory 
result which involves the consistency of w-order and the Axiom of 
Infinity. 

As is well known, supertask theory assumes the possibility of perform- 
ing infinitely many actions in a finite time (see [3] for background de- 
tails). The short discussion that follows analyzes this assumption by 
mean of an elementary supertask which consist in interchanging infin- 
itely many times one of the rows of an w-ordered table. In fact, consider 
the w-ordered table of all natural numbers whose successive rows 
are 1, 2, 3, ... ; and a supertask (cj)jgN each of whose successive ac- 
tions Cj consist in interchanging the relative positions of the i-th and 
(i + l)-th rows of M . As a consequence of those successive interchanges, 
number 1, originally placed in the first row, will be successively placed 
in the 2nd, 3rd, 4th ... row of M. 
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Figure 1: Superswapping in the w-ordered table of natural numbers. 



Let (ti)jgN be an tj-ordered sequence of instants within the real interval 
[ta, tb] whose limit is U, and assume the successive interchanges q of 
supertask (ci)jgN are performed at the successive instants U of (ti)iGN- 
Since U is the limit of (ti)jGN, at U supertask (cj)igN will have been 
completed. The one to one correspondence /(tj) = rj+i between (fi)igN 
and the set of rows (rj)jgpj j>i of table A/" proves that at th the row corre- 
sponding to number 1 has been interchanged with each of the infinitely 
many rows of A/". Therefore, at ti, each natural number n, {n > 1) will 
be placed in the {n — l)-th row of A/". But in which row will be placed 

""^As usual, I will use symbol N to denote the set of natural numbers and, for 
the sake of clarity, symbol J\f to denote the w-ordered table of all of them. 
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number 1 at t;,? It cannot be in the n-th row because in that row is now 
number n + 1. In addition, if it were positioned in the n-th row then 
only a finite number n — 1 of interchanges would have been performed. 
We must conclude therefore that at 4 number 1 has disappeared from 
the table. An this in spite that none of the countably many performed 
interchanges ci, C2, C3, ... has made it disappear. Some infinitists claim 
this way of reasoning is fallacious because, although no interchange q 
makes number 1 disappear from the table, the completion of all of 
them does it. As if the completion of the w-ordered sequence^ of in- 
terchanges (cj)jgN5 as such completion, where a subsequent additional 
action different from all Cj previously performed, and taking place 
just at'^ t > tf,. We will now discus this picturesque pretension. For 
this, consider the w-ordered sequence (ej)jgN of effects caused by the 
(j-ordered sequence of interchanges (cj)igN of our supertask, each in- 
terchange Ci causing the effect (the interchange of the i-th and the 
(i-l-l)-th rows). We have proved this tj-ordered sequence of interchanges 
(ci)jgN has the final effect of removing number 1 from the table. Let 
be this final effect. According to the definition of supertask {ci)i^fq, 
each interchange q causes the effect ef, in consequence, the one to 
one correspondence between {ci)i^^ and (ej)jgN defined by /(cj) = 
proves that in fact no interchange q causes e^^. There must therefore 
exist an additional subsequent action c^j (the completion of all previous 
(cj)jgN as such completion, according to some infinitists) causing e^^. In 
conclusion we need an {u + l)-ordered sequence of actions to explain 
why number 1 disappear from the table at tb after performing super- 
task (Q)jgN- But we have just proved it disappear as a consequence of 
an a;-ordered (not {u + l)-ordered) sequence of actions, the sequence 
of interchanges (ci)jgN. Even if that ad hoc additional cause (the 
completion of (cj)igN as such completion) were inevitable we could al- 
ways analyze the first w-ordered sequence of interchanges (cj)jgN and 
then the last c^; causing the effect e^;. We will find, as we have just 
proved, that the cu-ordered sequence suffices to make number 1 disap- 
pear: once performed the successive interchanges ci, C2, C3, . . . , and 
only them, number 1 is no longer in the table, in spite that none of the 
countably many performed interchanges Ci, C2, C3, . . .removed it from 
the table. 



An w-ordered sequence is one which is both complete (as the actual infinity 
requires) and uncompletable (because no last action completes it). To be complete 
and uncompletable does not seem to be a confortable logical status. 

^At any instant prior to tf,. whatsoever it be, there will still remain infinitely 
many actions to be performed while only a finite number of them will have been 
performed. This unaesthetic and huge asymmetry is invariably forgotten in infinitist 
literature. 
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There exist an inevitable asymmetry between the uj-oideied sequence 
of performed actions (cj)jgN and the {u + l)-ordered sequence of result- 
ing effects ((ej)jgN5 e^)- This asymmetry is a consequence of assuming 
that it is possible to end up an endless sequence of actions'^: once ended, 
we will always have an unexplainable last state caused by a nonexistent 
last action. This asymmetry forces infinitists to claim the completion 
of the u;-ordered sequence of actions is the required last action causing 
the final effect e^. Any other way of reasoning is fallacious, they claim. 
But it is quite clear where the fallacy is. We have just proved the u-oi- 
dered sequence of interchanges Ci, C2, C3, . . . , and only them, removes 
and does not remove number 1 from table A/". According to Aristo- 
tle this contradiction raises from assuming the possibility to traverse 
the untraversable [1, page 291]. As is well known, and Cantor himself 
proved [2, pages 110-118], cu-order, the untraversable, is a consequence 
of assuming the existence of complete infinite totalities, the Axiom of 
Infinity in modern terms. Is therefore that axiom the ultimate cause 
of the above contradiction. 

Things are radically different from a finitist perspective -from the 
potential infinity perspective. In fact, from this perspective only fi- 
nite totalities can be considered as completed totalities. And in any 
finite version of the above superwapping, number 1 always ends in the 
last row of the table as a consequence of a last interchange placing 
it there. In other terms any finite sequence of n successive swappings 
(ci)i<j<n,VnGN IS cousisteut, ouly the a;-ordered sequence (ci)jgN, i-e. the 
completion of an uncompletable sequence of actions, is inconsistent. 
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And not only of assuming that possibility, infinitists also pretend to explain the 
way it is accomplished: by pairing off two endless sequences, the one of actions the 
other of instants at which the successive actions are performed. Thus, in order to 
end up an endless sequence of actions all we have to do is to pair the endless sequence 
of actions with the endless sequence of instants at which they are performed, as if 
by pairing off two impossibilities a possibility result. 



